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S T R U C T U R E S  O F  T H E  C O N J U G A T E  S A T U R A T I O N  

AND C O N C E N T R A T I O N  D I S C O N T I N U I T I E S  

IN T H E  D I S P L A C E M E N T  OF O I L  BY A S O L U T I O N  

OF AN A C T I V E  M A T E R I A L  

O. M.  A l i s h a e v a ~  V. M.  E n t o v ,  
a n d  A. F .  Z a z o v s k i i  

UDC 532.546 

A general  descr ipt ion of the displacement of oil by a solution of an active mater ia l  not only in the basic 
case of a single active factor ,  but also in more  complicated situations is presented in [1-5]. Here a central  
part  is played by the scope for  construct ing a solution in a l a rge - sca l e  approximation, i.e., neglecting diffusion 
p rocesses  of various types {capi!larity, diffusion proper ,  and thermal  conductivity). These p rocesses  have 
marked effects on the solution only in zones where the variables a l ter  sharply,  which correspond to discon-  
t inuit ies in the l a rge - sca l e  approximation.  Here we examine the fine s t ructure  of the t rans i t ion  zones. The 
resul ts  may be of value in est imating the l imits  to the application of the l a rge - s ca l e  approximation and to the 
failure t imes  for  the l ayer  of active mater ia l ,  as well as in developing numerical  andapproximate  methods.  

1. Formulat ion:  External Solution. We consider  the one-dimensional frontal displacement of oil by a 
solution of an active mater ia l .  We wri te  the equations for the phase infiltration law (i =1 for water  and i =2 
for oil) and the conservat ion equations for  water ,  oil, and the active mater ia l  on the basis that the mass  con-  
centrat ions of the mater ia l  in thewate r  c and in the oil ~p a re  small ,  while the porosi ty  m,  permeabil i ty  k, 
and phase densit ies Pl and P2 are  constant:  

,~ = - - ( kh ( s ,  c ) /~ (c ) )apdax  (i = t ,  2)~ (1.1) 
p~ - -  p ,  = p = ~(c)](s), 

mOs/Ot q- Oul/Ox = O, -mOs /Ot  -k Ou2/Ox ~- O, 
a o o (  oc) 

m -gi [• § ~ (c) ( i  - -  s) -k a (e)] -k -Ux [• + (p (c) u~} = ~ D ~ . 

Here s is the water  content; mp2a , mass  of sorbed mater ia l  in unit volume of the porous medium; fi, #i, 
Pi, phase permeabi l i ty ,  viscosi ty,  and p re s su re  for  phase i; D, diffusion coefficient for the active mater ia l ;  
p, capi l lary p re s su re ,  whose dependence on the surface tension incorporates  the coefficient y(c); J, a Leveret t  
function; x, coordinate; t ,  t ime;  and ~t =Pl /P2 .  

We Introduce the dimensionless var iab le  

x'  = x /L ,  t' = uot/L , u~ = uJuo ,  p', =: p i / A p ,  u o == kAp/9;  (0) L ,  

~ ---- Ui/Pl (0), D'  = DIDo, ~" (c) --- ~t (c)/'~ (0), e -~ V (0)lAp, ,~ = Do/uoL, 

where L, Ap, Do are the charac te r i s t i c  values of the size of the flow region, the external p ressu re  difference,  
and the diffusion coefficient.  

Moscow. Transla ted f rom Zhurnal Prikladnoi Mekhaniki i: Tekhnieheskoi Fiziki, No. 5, pp. 93-102, Septem- 
ber -October ,  1982. Original ar t ic le  submitted July 13, 1981. 
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We subsequent ly  omit  the p r i m e s  to  the d imens ion le s s  va r i ab le s ,  e l imina te  the p r e s s u r e  f r o m  s y s t e m  
(1A), and take  the overa l l  volume flow ra t e  U =u 1 + u 2 as  constant  to get  

(t.2) m-y/- + e ~  U ~x_x + e ~ x O F  O ((I)fl) = 0, F = f : / ( I1  + f..~l/P~), <I~ = FI~/~=, (1.2) 

0 ! ,-, 0c,\ 
ln  --~7 [ s (• - -  ep) -}- qJ + a] -}- U --~z [ F (• - -  q'~) -+- ~] T e-.g- z 

, / j '  = ~tJ'Os/Ox + ~, JOe, Ox, y '  = dy /dc ,  : dJ /Os;  

s(x ,  O) = So, c(x,  O) = %, s(O, t) = s o , c(O, t) = c o . (1.3) 

We put e = v  =0 in (lo2) to  get  a p r o b l e m  c o r r e s p o n d i n g  to  the l a r g e - s c a l e  app rox ima t ion  [1]: 

m-~+~ U.~_z O~ m~7~ [ s ( •  ~ - } - a ] +  U ~ 2 1 5  (1.4) 

s(x, O) = so, c(x~ O) = Co(X > i  0), s(O, t) = s% c(O, t) = c~ > 0). 

Let cO> c o fo r  def in i teness .  The p rob l e m  of (1.4) has  a s e l f - m o d e l i n g  solut ion [1-5] s =s  (~), c = c(~), ~ = m x / U t ,  

which will  be cons ide red  as cons t ruc t ed .  As a ru le ,  this  contains  d i scont inu i t i es ,  at which  the in tegra l  con -  
se rva t ion  laws apply (V is the speed of a d iscont inui ty) :  

~l[s] = iF], ~{s• + [q~ + a] / [ •  - -  ~1} F + + [r --  (p], (1.5) 

~j = mV/U~ [/1 = I+ - 1-, 1• = / ( ~ j  _+ 0). 

An addit ional  condi t ion f o r  the s tabi l i ty  of the  d iscont inui t ies  amounts  to  the spec i f i ca t ion  that  the n u m b e r  
of d i m e n s i o n l e s s  c h a r a c t e r i s t i c  ve loc i t ies  is t h r e e  be fo re  the setup and a f te r  it, f o r  which the fol lowing inequal -  
i t ies  a r e  obeyed:  

~: S ~  ~ _  ~i( , c-) i> ~,  ~a(s+, c+) ~ ~j (i, k t,2)~ (1.6) 

and this  condi t ion will  be ref ined below.  H e r e  ~i (i =1,  2) a r e  the d i m e n s i o n l e s s  c h a r a c t e r i s t i c  ve loc i t i es  of 
s y s t e m  (1.4). The c h a r a c t e r i s t i c s  of (1.4) dx /d t  = (U/m) ~ (i = 1,2)  that  sa t i s fy  (1.6) a r e  ca l led  those  a r r i v i n g  
at the  d iscont inui ty ,  while  the  o thers  a r e  ca l led  the  leaving  ones .  

The method of cons t ruc t ing  the  s e l f -mode l ing  solut ion has  been developed in [1-5],  so we can take  the 
ex terna l  solut ion to  the d i sp l acemen t  p r o b l e m  c o r r e s p o n d i n g  to  ~ =v =0 as known. 

2. Internal  Solution. The s t r u c t u r e  of the s s teps  is wel l  known [6, 7], so we examine  the  s t r u c t u r e  of 
the conjugate  s,  c s teps .  To cons t ruc t  the  in terna l  solut ion in the ne ighborhood of an s ,  c s tep we t r a n s f e r  in 
(1.2) t o  a s y s t e m  of coord ina tes  moving along with the  step q/= ( x - V t ) / e ,  ~- =t) and seek  a nont r iv ia l  s t a t i ona ry  
solut ion:  

. m 0" 8 
- ~ - - + - - o - ~  ( o ~ ) =  o, ~ = w  --~-- ~ v J - ~ ,  (2.1) 

m 0 . 0 " 0  1 0 ~ 0 

that  sa t i s f ies  the  l inkage condit ions 

s(__+oo) ---- s~:, c(___oo) -- c -+. (2.2) 

F o r  Os/O~- = 9c/Or =0 we in tegra te  (2.1) on the  bas i s  of (2.2) to  get 

d s / d q  = - - H [ B Y  + (c - -  c - ) Z ] / G ,  dc/d~ 1 = H ( c  - -  c - ) Z ,  (2.3) 
Z(c) = F - ( •  - -  &p) + &p - -  ~[s-(• - -  ~q~) + &p + (a - -  a - ) / ( c  - -  c-)]; 

5r = (r - -  (~-)/(c - -  c - ) ,  Y ( s ,  c) = F - -  F -  - -  ~ ( s  - -  s - ) ,  (2.4) 

H(s ,  c) = e U / v D ,  G(s, c) = v J ' / v ' J .  B ( s .  c) = vD/e~2'J(D.  

Equat ions (2.3) c o r r e s p o n d  to  the phase  plane of s and c to  the equat ion 

dc /ds  =: - - G ( s ,  c)(c - -  c - ) Z ( c ) / [ ( c  - -  c - ) Z ( c )  + B(s ,  c ) Y ( s ,  c)]. (2.5) 

It follows f r o m  (1.5) that  Z(c +) =Y(s ~, c • =0,  so  the points  (s-,  c-)  and (s +, c +) in the phase  plane a r e  
s ingu la r  points  f o r  (2.5). 

The in ternal  s t r u c t u r e  of the conjugate  s,  c s t eps  is shown below to  be c lose ly  re la ted  to  the condit ions 
fo r ' t he  s tabi l i ty  of t he se  and to  the global  s t r u c t u r e  of the solut ion.  The l a t t e r  f o r  fixed values  of c ~ c o and 
s ~  is comple te ly  d e t e r m i n e d  by the f o r m  of F(s ,  e), ~o (c), a(c)  and by the value of the init ial  w a t e r  content  
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s o [1]. We have  r e s t r i c t e d  o u r s e l v e s  so  f a r  to  the  ca se  of comp le t e  d i scon t inu i t i e s  in the  concen t r a t i on ,  w h e r e  
c -  =c  ~ c+=c0;  such a s i tua t ion  o c c u r s  f o r  e x a m p l e  if (0,co - 0, a c e ~  0 [1]. 

Funct ion  F ,c  = a F / a c  wi l l  subsequen t ly  be c o n s i d e r e d  as  of cons tan t  s i g n .  T h e r e  a r e  two t y p e s  of con-  
juga te  s ,  c s t e p s  f o r  F,c-< 0, which  a r e  dependent  on the value of s 0: a) a AB s tep  f o r  s0 ~ s , ,  when  is] < 0; b) 
a A'C ' s t ep  fo r  s o > s ,  at  which  is] > 0. F o r  t h e s e  we have  c o r r e s p o n d i n g l y  

~" = ~J < ~+, ~+ < ~J < ~-, ~ < ~i, ~+ < ~J < ~-. (2.6) 

In F ig .  l a ,  0~ = ( [~ + a]/[• ~p], [(p]/[• - -  (~1~ s t r a i g h t - l i n e  s e g m e n t  OcC touches  the  c u r v e  F(s ,  
c - )  at point A, whi le  point  C c o r r e s p o n d s  to  the  va lue  s = s . .  

We f i r s t  c o n s i d e r  the  d i scon t inu i ty  AB. It is  convenient  to  t r a n s f e r  the  c o n s t r u c t i o n  to  the s,  c phase  
p lane  (Fig. lb ) .  The c u r v e s  F(s ,  c "~) c o r r e s p o n d  to  s e g m e n t s  of the  s t r a i gh t  l ines  c =c*:, the  s t r a i g h t - l i n e  s e g -  
men t  BAC in the  s , f  p lane  c o r r e s p o n d s  to  the cu rve  BAC, a long which  Y(s~ c) =0,  whi le  Y< 0 above  BAC and 
Y >  0 below it.  Also~ Z(c +) =0 and Z(c-  :~ 0 by v i r tue  of (1.5) and (2.6). If T~(e)<0 Che m a t e r i a l  r e d u c e s  the  
in t e r f ac i a l  t ens ion)  B(s,  c ) < 0 ,  and if Z(c)_~0 in the band c + < e < c  - we  have  tha t  (2.5) has  no s i ngu l a r  points  in 
th is  band a p a r t  f r o m  A, B, and C.  The  s t r u c t u r e  of the d e s i r e d  f o r m  should m e a n  tha t  t h e r e  is a path joining 
point  A and B. It is suf f ic ient  to  u se  the  inequa l i t i e s  J '  (s) < 0, G > 0, B< 0 and condi t ions  (1.5) and (2.6) in o r d e r  
to  d e t e r m i n e  the  t y p e s  of the  s i n g u l a r  po in t s ,  in a c c o r d a n c e  wi th  which 

F~(s , ,c  + ) < b  F ~ <  + + = , F,~,A d 0 ,  A - > 0 ,  
d 

.4 (c) = 7c [(c - -  c-)  Z (c)] = F • (• - -  q~,c) + qD.c - -  ~j[s • (n - -  (P.c) ~- T.c -~ a,c ]. 

It can  be shown tha t  the  point B = (s +, c +) is  a s i m p l e  saddle  point ,  whi le  C = ( s , ,  c +) is  a s i m p l e  cusp ,  and A = 
(s- ,  c- )  is a double s a d d l e - c u s p  with one cusp  s e c t o r  and two saddle  ones .  F i g u r e  2 shows the  gene ra l  p i c tu re  
in the  r eg ion  of th i s  point .  The  nonze ro  s lopes  of the  pa ths  pa s s ing  th rough  the  s i n g u l a r  points  a r e  def ined by 

k~ = [AG + B(F,s -- ~j)]/(A -~- BF r (2.7) 

so  k 1 (s- ,  c - ) < 0  (Fig. 2a).  The  s igns  of k 1 (s +, c +) and k i ( s , ,  c +) a r e  not e s t a b l i s h e d  unambiguous ly ,  but s ince  
[B(s,  c) l >~ 1 we can  a s s u m e  tha t  the s igns  of the  n u m e r a t o r  and d e n o m i n a t o r  in (2.7) wil l  be  d e t e r m i n e d  by 
B(s,  e), and then  kl(s  + c +) , 0, k l ( s . ,  c ~ < 0  (Fig. 2b and d). 
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The fol lowing is the a sympto te  of the paths  f o r  the bundle e m e r g i n g  f r o m  point A: 

, _ , -  N _ e x p  - s - ) ]  ( s  - s - )  R = > 0 

This path ex i s t s  and is unique; it is the s e p a r a t r i x  of the saddle point B belonging to  the cusp bundle of 
point A. This p a s s e s  above the i soc l ine  to  infinity.  

We in tegra te  (2.3) n e a r  points  A and B to  get  

s - -  s -  ~ 2 ( G - / B = H - F ~ )  .q-l, c - -  c -  .-. const ~l-~e-x-~ X +- = - -  H •  ~, ~l ~ + oo, (2.8) 

s - -  s + N c o n s t ' e  - x % ,  c - -  c + N r  e - x + ~  = k l  ( s + .  �9 c + )  ( s  - -  s + ) .  

For  q~(c) ~ 0 X -+ = ~ (eU/vD • (a~ --[a]/[c]), i .e . ,  the width of the  t r a n s i t i o n  zone in f ront  of the  s tep 1 /~  + 
and the  ra te  of d e c r e a s e  in the  concen t r a t i on  behind the  s tep  a r e  p ropor t i ona l  t o  the speed  ~j of the  s tep and 
a r e  dependent so le ly  on the c u r v a t u r e  of the  sorp t ion  i s o t h e r m  and the  m a t e r i a l  diffusion coeff ic ient  D(c). In 
gene ra l ,  X + is p ropor t iona l  to  ~ ~--~j. Behind the  s tep,  the concen t r a t i on  tends  t o  the value c o r r e s p o n d i n g  to  
the external  solut ion in an exponential  fashion,  while  the sa tu ra t ion  v a r i e s  m o r e  so le ly  (in a c c o r d a n c e  with a 
power  law).  The l a t t e r  f ea tu re  on n u m e r i c a l  t r e a t m e n t  m a y  be seen  as the s a tu ra t i on  f ront  lagging behind the 
m a t e r i a l - c o n c e n t r a t i o n  f ront  and having  g r e a t e r  d i f fuseness .  

We now c o n s i d e r  the s t r u c t u r e  of the A~C ' s tep (Fig. l a  and c), which c o r r e s p o n d s  to  final d i sp l acemen t  
of the oil a f t e r  f looding of the depos i t .  In that  case  point A'  = (s- ,  c-)  is a s imple  saddle  point (Fig. 2f, and C ' =  
(s +, c -v) is a s imp le  cusp (Fig. 2d and e), and the de s i r ed  path is the  s e p a r a t r i x  of the  saddle  A' belonging to  

the cusp bundle en ter ing  point C ' (Fig. l c ) .  The angle coeff ic ient  of the paths  in the  cusp bundle is dependent 
on the s ign of K = A + G + +  B+)F+s--~j) .  

We in tegra te  (2.3) n e a r  A'  and C ~ fo r  K >  0 (Fig. 2d) to  get  

s - -  s • const e -x-+m, c - -  ~ const =~ --  H • 1 7 7  ~l - ~  ~ oo, c ~ e-z-+~ = kl (s• c~) (s - -  s• X• 

F o r  K< 0 (Fig. 2e) the va r i ab les  ahead of the s tep a r e  r e l a t e d b y  c ~  c + ~ c o n s t  i s -  s+l q,  w h e r e  q = - A + G + /  
( F : s -  ~j) > 1, and they  v a r y  exponent ia l ly :  

c - -  c + ~ const e -z+~, s - -  s + ~ const  e-(;~+/q)rt~ ~ -->- oo. 

As q > 1, the sa tu ra t ion  tends  to  the value c o r r e s p o n d i n g  to  the ex te rna l  solut ion ahead of the s tep  m o r e  slowly 
than does the concen t ra t ion .  

These  r e su l t s  show that  no in terna l  s t r u c t u r e  ex i s t s  f o r  the step is] < 0 fo r  a point A'  not sa t i s fy ing  the 
condit ion ~j = F s ~vo  saddle  points  in gene ra l  do not have a c o m m o n  s e p a r a t r i x ) .  Also,  to  cons t ruc t  the de -  
s i r ed  path it was  a s s u m e d  that  the fol lowing inequal i t ies  a r e  obeyed fo r  all s and c f r o m  the r ec t ang le  E bounded 
by the s t r a igh t  l ines  s =s  ~-, c = c •  

rain(c+, c-) ~ w(s) <. max (c+, c:), Y(s ,  w(s)) ----- O, (c - -  c-)Z(c) ~ O, (2.9) 

and equal i ty  occu r s  only at the points  (s • c• condi t ions  (2.9) gua ran tee  the absence  of s ingu la r  points  fo r  
(2.3) in E that  d i f fe r  f r o m  the two v e r t i c e s  (s • c• Violat ion of (2.9) means  that  t h e r e  is no in te rna l  s t r u c t u r e  
even if (2.6) a r e  obeyed fo r  the  c h a r a c t e r i s t i c  ve loc i t i e s .  In fac t ,  if Z (c) changes  s ign fo r  c +<  c ~  c -  it is shown 
by (2.3) that  the concen t r a t i on  d i s t r ibu t ion  in the t r a n s i t i o n  zone b e c o m e s  mul t iva lued .  Violat ion of the f i r s t  
eondit ion in (2.9) a l so  leads  to  a mul t iva lued  s(~/) a n d / o r  cO?). The second  inequal i ty  in (2.9) p rov ides  a bas i s  
fo r  cons t ruc t ing  the c t r a n s i t i o n  in the s e l f -mode l ing  solut ion for  a r b i t r a r y  i n c r e a s e  in funct ions  a {c) and ~p (c) 
fo r  ~ (c) =~0 c and a ( c ) -  0 by cons t ruc t ing  t he i r  convex (concave) she l l s  fo r  a g iven concen t r a t i on  range  [1]. 
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There fo re ,  (2.9) is to be considered as a s tabi l i ty  condition for  s, c s teps ref ined in re la t ion  to (1.6)7. This 
condition takes  the fo rm Y (s, c ) / ( s - s - ) - > 0  for  s s teps with c =constant  and has been proved r igorous ly  in [8]. 

The s t ruc tu re  of the step for  F , c ~ 0  (harmful mate r ia l )  can be examined s imi la r ly ;  for  defini teness  we 
assume  that a.c, ~ 0, ~,cc ~ 0, [c] <:0, ~'(c) > 0 and consequently B> 0, while G<0;  the s tabi l i ty  of such a 
step (Fig. 3a) is provided by conditions (2.9) and 

~" < ~j = ~+, ~+ < ~ < ~.7. (2 A0) 

Here  the point A = (s-, c-)  is a s imple  saddle point, C = ( s , ,  c +) is a s imple  cusp, and B = (s +, c +) is a 
s imple  twofold sadd le -cusp  with the cusp sec to r  on the right of the s t ra ight  line c - c  += - A + G + { s - s + ) / ( A + +  

+ + 
B F,s)  and two saddle points to the left  of th is ,  while the des i red  path is the s e p a r a t r i x  a r i s ing  f r o m  the saddle 
A and belonging to the cusp bundle of point B {Fig. 3b). 

The a sympto tes  of the va r i ab les  in the s tabi l ized zone are  descr ibed  by {2.87, in which + and - changes 
p laces .  Lag in the sa tura t ion  behind the m a t e r i a l  concentra t ion is here  observed at the leading edge of the 
stabil ized zone. 

These fea tu res  of the internal  s t ruc tu re  p e r s i s t  for  [c] > 0 ,  a,~ j~ 0, (p,~r I> 0. 

If a (c) and ~ (c) a r e  of a r b i t r a r y  fo rm,  it is poss ib le  for  the re  to be s teps  such tha t the  signs of the r igorous  
inequalit ies between ~j and ~ in (2.6) and (2.10) a r e  rep laced  by the sign of equality [1], which compl ica tes  
the types  of s ingular  points in the (s, c) plane,  but the f o r m  of the paths joining (s-, c-)  and (s +, e +) r ema in s  
as before ,  as does the global topological  p ic ture  in the phase plane.  

As an example  we consider  the step [c] < 0, is] < 0 for  F < 0 (Fig. l a  and b). Let the following stabi l i ty  , C ~  
condition be rea l ized :  

~ ' = ~ J < ~ , +  ~ + = ~ i < ~ .  (2.11) 

The type of s ingular  point A and the field of d i rec t ions  nea r  it a re  not a l te red .  Near B, the des i red  path 
cotneides to a f i r s t  approximat ion  with the isocline at infinity and the curve Y (s, c )=0 .  The o rde r  of the con- 
tact  is de te rmined  by the o rde r  of the ze ro  ~ 2 -  ~j at the point (s + c+): s and c tend to the i r  l imit ing values 
s + and c + fo r  ~ ~ in a power- law fo rm r a t h e r  than an exponential  one. 

F r o m  the step that sa t i s f i es  the conditions 

t he r e  is only a change in the type of the s ingular  point A = (s-, c-);  the path of the nodal bundle and the isocline 
at infinity fuse with the parabola  c - c  - =  - ( 1 / 2 ) ( F  s s / F [ c ) ( s - s - )  2 corresponding to the curve  Y(s, c )=0 in the 
region of point A. As above,  s and c va ry  in a p o w e r - l a w  fashion for  ~ ~ - ~ .  

If ~j = ~ :  s imul taneous ly  in (2.11) and (2.12), these  fea tu res  of the dis t r ibut ions of s and c in the stabil ized 
zone occur  s imul taneous ly .  The des i red  path approx ima tes  to the Y(s, c) =0 curve  if the di f ference ~2 (s, c ) - ~ ]  
tends to ze ro  along it. 

3. Contact-Discont inui ty  S t ruc ture .  For  ~2 (s, c)--~] (the case  of a contact discontinuity [9]), s y s t e m  (2.37 
does not ~ a ~ o - f t - ~  d ~ f - o r m .  This si tuation a r i s e s  when a (c) and ~p (c) a re  l inear ,  and it means  
that (] .2) does not have a solution of t r ave l ing -wave  type .  This is re la ted  to the occur rence  of a fu r ther  smal l  
p a r a m e t e r  that has a decis ive  effect on the s ize  of the s tabi l ized zone. 

The ana lys i s  of the discontinuity is not so t r iv ia l  in that case .  We consider  it fo r  l inear  i so the rms  a (c) = 
a0c, ~p (c) =~0c; (1.27 takes  the following f o r m  a f t e r  obvious t r ans fo rma t ions  in a coordinate  s y s t e m  linked to 
the discontinuity:  

rn os of e o 
Y o~ + '~ -~+U-  ~ , , ( r  (3.1) 

u e~ + } - ~  + u - -  en -V- ~ (/9 7~) ,  ~' = ~I(• - % ), 

S = s + (% + a0)/(• - -  %), ] = F + %/( •  - -  ~ S .  

We take S and f as new unknowns, while c is a known function of S and f, to produce the second equation 
in (3.17 to 

m_.,q o.~l a O/ ~ 6SF,c__2 ~ v, p O_(DL/F,c), U - o ~ - - 6 S F , c - - s  ((I)~2)] = u - , ~ o ~  . 
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o)~ =: MOS/Oq + NO/l@, M(S, /) = ~(7] '  --  aCa), N(S,  /) = cbV'J,F ~, 

L(S, 1) = O//Oq - -  6F,eOS/Oq,  6 = ( F  ~ - -  ~ j ) /F,e .  

The ex te rna l  d iscont inuous  solut ion sa t i s f ied  the condi t ions  f(~-, +0) =0.  To cons t ruc t  the p r inc ipa l  t e r m  
in the in ternal  expans ion  we put 

I = (e/m~)ll~]~ ~ = (rn/e~)'12n,~ 0 = ~ (3.2) 

anti t r a n s f o r m  these  equat ions while  r e ta in ing  only the t e r m s  of the s a m e  o r d e r  of s m a l l n e s s  in e and a s s u m i n g  
that  v ' / e  =O(1); we then get  a s y s t e m  of equat ions  for  the  in ternal  p r o b l e m :  

OS 1 OS O/~ O OS 
2 

The des i r ed  asympto t i c  s t r u c t u r e  is defined by the s t a t i ona ry  solut ion 

t e S _ r z d / ~  '~ M - y (  
T ~ - ~ (  v dE --h'~ = 0 ,  (3.3) 

0, 
dE k ~ - J  

S(__+_o~) = S% 10(+o~) = 0. 

Note that  s y s t e m  (3.3) is of f i r s t  o r d e r  in f0  and t h e r e f o r e  al lows only one boundary  condi t ion.  It can  
be shown that  the boundary  condit ion is lost  on the inner  side of the t r a n s i t i o n  zone t = -~o, w h e r e  6 = ( F s -  
~ j ) /F  c = 0  , and th is  c o r r e s p o n d s  to  choice  of the boundary  condit ion f o r  f0 in the  p r o b l e m  of (3.3). By v i r tue  
of the  t r a n s f o r m a t i o n  of (3.2), th is  does  not a l t e r  the  f ea tu re  that  f = 0  fo r  the l imi t ing  s t a t i o n a r y  a sympto t e  
(T ~oo),  f o r  Which the boundedness  of f0(_~)  is suff ic ient ,  and the  l inkage condi t ions  f o r  the in terna l  and ex-  

t e rna l  solut ions a r e  m e t ,  It is notable howeve r  that  one would be unable to  cons t ruc t  as  ex te rna l  expans ion  
fo r  S by seek ing  the  s t a t i ona ry  d i s t r ibu t ion  S(t) with f -  0, 

T h e r e f o r e ,  to  define the ma in  t e r m  in the in ternal  expans ion  fo r  a contac t  d iscont inui ty  one can f i r s t  
find S(~) and f0(~) f r o m  (3.3) and then  d e t e r m i n e  e by m e a n s  of f(s,  e) =0; as  in the  c a s e  of a typ ica l  p ro b l e m 
in convect ive  t h e r m a l  conduct ion,  the c h a r a c t e r i s t i c  s i ze  of the t r a n s i t i o n  zone i n c r e a s e s  with t i m e  as  ~- 1/2. 

4. S t ruc tu re  Due to  Disequ i l ib r ium.  Another  f a c t o r  that  inf luences  the s t r u c t u r e  of the  s ,  e s teps  in 
d i sequ i l ib r ium is the sorp t ion ,  with r ed i s t r i bu t ion  of the  m a t e r i a l  be tween the p h a s e s .  We neglec t  diffusion 
and cap i l l a ry  f o r c e s  and r e s t r i c t  o u r s e l v e s  to the case  where  the r a t e s  of the  exchange  p r o c e s s e s  a re  depen-  
dent only on the contents  of the m a t e r i a l  in the  phases  and in the so rbed  s ta te .  When we  have 

0 m-bT-~S + U  _~.x = 0, m _ ~ ~  o [ x c s + q ) ( l - - s ) + a ] + U ~ [ x c F + ~ p ( t t  - -  F)] = 0, (4.1) 

Oa/Ot = A ( c ,  % a), O(p/Ot = (1)(c, r F = F(s ,  c, ~p), 

s = so, c = co, a = ao(co), q~ = %(Co)(t = 0), 
s : s  o , c = c  o , a : a o ( c ~  (p : %(c ~ ( x = 0 ) ,  

w h e r e  a and ~o a r e  independent  va r i ab le s  and a0(c) and go0(c) a r e  t h e i r  equ i l ib r ium va lues ,  which a r e  the unique 
roo t s  of the  equat ion A(c, qg, a) =r  ~o) =0; we in t roduce  the  d i m e n s i o n l e s s  va r i ab les  x ~ = r e x / L ,  t ~ = t U / L ,  A w = 
A/A0, (~/~0, e = U / A o L ,  v = U/O0L and t r a n s f o r m  (4.1) to  the  following f o r m  (pr imes  subsequent ly  omi t ted) :  

os OF o o [• + (1 - -  F) ] 0, (4.2) 0-7" + ~ = O, [xcs  -4- ~ (1 - -  s) -4- a] -{- ~z q~ = 

eOa/Ot = A ( c ,  % a),  vO(p/Ot = CO(c, r  A ( c ,  % ,  ao) = ep(c, % )  = O~ 

S = S o ,  C = c o ( t = O ) , s = s  o , c = c  o ( x = O ) .  

T h e  e x t e r n a l  s e l f - m o d e l i n g  s o l u t i o n  c o r r e s p o n d i n g  t o  ~ =v  =0  i s  t a k e n  a s  k n o w n .  T o  c o n s t r u c t  t h e  i n t e r n a l  

solut ion in the reg ion  of the s,  c s tep ,  we t r a n s f e r  in (4.2) to  a coord ina te  s y s t e m  moving along with the s teps  
07 = ( x - V t ) / e ,  ~" =t) and seek  a nont r iv ia l  s t a t i ona ry  solut ion to  

0~ = 0, [ o  0 ~ + + - 4 -  o + q)(t (4.3) 

b-7" - -  [~ a = A (c, % a), h ~ - -  [.~ ~ = (:I) (c, q)), h = 'v/e, 

s (-- co) = s - ,  C (-- oo) = c- ,  q) (-- oo) = q)o (c-), a ( - -  cr = a 0 (c-). 
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We in t eg ra t e  the s t a t i o n a r y  equat ions  (4.3) on the  b a s i s  of (1.5) to  get  a s e c o n d - o r d e r  s y s t e m :  

da/d~ 1 ~ - IA  (q[ (% a), % a), d~/d~ t = - -  ~ -1 = --  (h~;) (I) (T (% a) ,q~), (4.4) 

c = ~ (9, ~) = c -  + ~ (a - ~:)  + ~ (~ - ~ ) ,  ~ - F -  --  ~j (~--  ~-) = 0, 

a = {c - -  %/• O, [3 = [ao/~. § (1 - -  ~y~) d/o) > o, 
r ~ ( l  ~Z')%], ~ o = ~ 0 ( c - ) , % = % ( o - ) , ~ = L %  , - 

w h i c h  c o r r e s p o n d s  to  the  fol lowing equa t ion  in the @, a) phase  p lane :  

da/dq~ = - - h A ( W @ ,  a), % a ) l ~ ( T ( %  a), r~). (4.57 

The path  jo ining the s ingu la r  points  (go~:, a0 ~) in tha t  c a s e  a lways  ex i s t s  and is unique,  which  r e m a i n s  to  
be e luc ida ted;  t h e s e  a r e  condi t ions  under  which go (~) and a 07) a r e  s i n g l e - v a l u e  funct ion of V tha t  s a t i s fy  the  
bounda rv  condi t ions  at ~ ~ ~ .  C l e a r l y ,  t h e s e  condi t ions  amount  to  obedience  to  the  inequa l i t i es  (c + - c - ) A - <  0, 
(c + - c -  )r :--< 0 a long the  pa th .  

If the  m a t e r i a l  is not s o r b e d  o r  does  not d i s s o l v e  in the  oil,  t hen  the  c o r r e s p o n d i n g  equat ion  can  be in te -  
g r a t ed  in q u a d r a t u r e s .  We c o n s i d e r  e x a m p l e s  of such s i tua t ions  fo r  [e] < 0 s t eps  wi th  F,c-< 0. 

Let go= 0 and A =A(c,  a)  = c - c  1 (a), w h e r e  cl {a0(c)) =c;  then  @ {a) = c -  +(a -ao)[C] /[ao] ,  and f r o m  the s t ab i l i ty  
�9 .v- condi t ions  f o r  the  s t ep  ~2 -< ~j ~ ~2 we have  the inequa l i t i e s  a0+,c _> [a0]/[c] and a0,c -< [a0]/[c], i .e. ,  the s t r a i g h t  

l ine c = ,I,(a) i n t e r s e c t s  the equ i l i b r i um so rp t i on  i s o t h e r m  a0(c ) o r  touches  it at the points  c ~, a ~  (Fig.  4a). 
We in t eg ra t e  the f i r s t  equat ion in (4.4) to get  

a 

~ I  [c] ( _ ,  a [ ) -  C 1 (a')] -1 da', a + < a o < a : ,  
= ~1" - -  B; . . c -  + [%1 "'~' 

a 0 

w h e r e  the  b e h a v i o r  of a (~) fo r  ~? ~ •  wi l l  be d e t e r m i n e d  by the  o r d e r  of the  con tac t s  at  the points  c =c  • in the 
c , a  p lane  be tween  the  s t r a i g h t  l ine  e =,I, {a) and the  a =a0(c) e q u i l i b r i u m  s o r p t i o n  i s o t h e r m .  F o r  a0,cc--- < 0 we  
have  a - -  a0 +- ~ const e -z-+~, ~+ -~ [c ] / [ao] -  c~.,, (a~)J1--~-+-c~ while  when X • b e c o m e s  z e r o  ( f i r s t - o r d e r  contact)  the b e -  
h a v i o r  of  a(v)  fo r  ~ ~ ~oo b e c o m e s  of p o w e r - l a w  type :  a - -  a d ~ t / % ,  ~l, %~ "= (1/2) c~.~ (a~). 

As c =~I, (a) is  l i n e a r ,  the  s a m e  app l i e s  to  the  a s y m p t o t i c  b e h a v i o r  of the  c (~) in the  s t ab i l i zed  zone .  The  
a s y m p t o t e  of sO?) fo r  ~?~•  is  found f r o m  (4.47 and the condi t ion at the  s t ep  ~ j = [ F ] / [ s ] .  F o r  i s ] < 0 ,  ~ j = F  s <  
F s < F+s , so  s - -  s -  ~ - -  {-- 2F~ ( c - -  c-) /F-~P '~, s - -  s + ~ iv + (c - -  c+)l(~; - -  F ~ ) .  At the  s t ep  is] > 0 ~j > F,~s , so  

- s • ~ r ~  (~ - ~ ) / ( ~  - ~'2). 
We s i m i l a r l y  e x a m i n e  the s t r u c t u r e  of  the s t ab i l i z ed  zone f o r  a ~  0 and ~(c, r  w h e r e  

c~ (go0 (c) )=c;  in tha t  c a s e  ~I, (go)=c + (go-goo[e]/[go0] and go 07) is d e t e r m i n e d  by the  f o r m  of the  e q u i l i b r i u m  i s o -  
t h e r m  r =go0(c) and the  o r d e r  of i ts  con tac t  with the  s t r a i g h t  l ine  c =~  (g0) in the  (c, go) p lane  (Fig. 4b). 

F ina l ly  we  c o n s i d e r  the  g e n e r a l  c a s e  on the  a s s u m p t i o n  tha t  the  m a t e r i a l  i s  s o r b e d  only f r o m  the  aqueous  
p h a s e :  A(c, a ) = c - c ~ ( a ) ,  @(c, go) = c - c 2  (go); le t  (4.5) b e c o m e  

da/ dcp = - -  h [ c -  + a ( a - -  a7) + ~ ((p - -  +o ) - -  cl (a) ]/[ c -  --~ ~ (a - -  a~) -t- ~ ( (p - -  (~0) - -  c~ (ep)]. 

The d e s i r e d  path  is the  s e p a r a t r i x  of the  saddle  point  (go+, a0 +) belonging to  the  cusp  of point  (goo, ao) and 
l i e s  be low the  convex  z e r o  i soc l ine  ca(a) = W((p, a) ( ~ d ~ / d a  ~ = c~.a~ 2> 0) above  the  concave  i soc l ine  at inf ini ty 
Q((~) = W(% a) (ad'-'a/d(p "~ = c~.~ 2> 0) (Fig. 4c7. The d i r e c t i o n s  of the  path  at  the s i n g u l a r  points  a r e  d e t e r m i n e d  
by the  s l opes  : 

k ~ = (da,d~)+ _. [p + (p2 .at_ 4a~h)~t ,] /2a,  p = c~,~ - -  [~ - -  h (c~,~ - -  a ) ,  

c_ 1 

C§ 

/#U 
J l , '  

c i 

- -~II  J ~ ;  

I / / l ~~o , '  

Fig. 4 

a 

_ I ~ I _ _ I  
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.~_ t_ 
where  k• -~ (c~-~ --  [3)/a, if h - -  0 and k----* ~t/(cEa --  a), if h - -  ~ .  

We integrate  (4.4) in the region of the s ingular  points to get a --  a~ N const e -x~-n, (9 - -  ci,~: ~ const  e -~zn ,  

~l-) '+c~ Z • = ~/k  • q- a - -  c~.a, • 7 • (ak  #- ~, ~ - -  c~)/h,_, where X =~ and -7 • a re  propor t iona l  to the d i f ferences  be-  
tween the s lopes of the path and the r e f e r ence  curves  (Fig. 4 c ) a t  the points (~p~=, a~) in the ~ a )  plane. 

As c =,I, (r a) is l inear ,  the behav ior  of c (rl) for  rl --=~ oo is de te rmined  by the t e r m  exp [ :~  min (1X• 
IT ~t )], t~ by the s lower  of the two nonequil ibr ium p r o c e s s e s .  

r f the path touches one of the r e fe rence  curves  at the points (~o~=, a~:), the exponential behavior  of the 
corresponding var iable  R0 or a) and of the concentra t ion cO?) for  V - - •  is replaced by a power- law fo rm.  

The r e su l t s  st i l l  apply for  A(c, ~0, a) and ~(c,  ~p) of a r b i t r a r y  f o r m  that  sa t is fy  the conditions A~ > 0, 
A ~ > 0 ,  A r  A.r <~.0, A ~ < 0 ,  r162 q ~ 0 , 0 9 ,  < 0  ; i n t h a t  case  the s lopes  of the path at the 

s ingular  points (~o0• a~:) and the values of x~, T• a r e  de te rmined  by k • = [ P q - ( p ~  -k 4nO ~R-)• + , / 2 ] / 2 a r  ,+ ~• = 

P+ + B•  7• = (O• + (zgg~k• h i ,  p = hP • - -  0+% P• -----aA~, -t- A • Q• = [~(I)~ -t- (I)• t~ ~ = ~A,~ @ A ~ ,  

This p rob lem coincides with the c l a s s i ca l  sorpt ion p rob lem [10] for  a homogeneous liquid. 
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